The almost complex Lie algebroids over smooth manifolds are introduced in the paper. In the first part we give some examples and we obtain a Newlander-Nirenberg type theorem on almost complex Lie algebroids. Next the almost Hermitian Lie algebroids and some related structures on the associated complex Lie algebroid are studied. For instance, we obtain that the E-Chern form of E 1,0 associated to an almost complex connection ∇ on E can be expressed in terms of the matrix JER, where JE is the almost complex structure of E and R is the curvature of ∇. Also, we consider a metric product connection associated to an almost Hermitian Lie algebroid and we prove that the mean curvature section of E 0,1 vanishes and the second fundamental 2-form section of E 0,1 vanishes iff the Lie algebroid is Hermitian.
Introduction and preliminaries
The Lie algebroids, [24, 25] , are generalizations of Lie algebras and integrable distributions. In fact a Lie algebroid is an anchored vector bundle with a Lie bracket on module of sections. The cotangent bundle of a Poisson manifold has a natural structure of a Lie algebroid and between Poisson structures and Lie algebroids are many other connections, as for instance for every Lie algebroid structure on an anchored vector bundle there is a specific linear Poisson structure on the corresponding dual vector bundle and conversely. In the last decades the Lie algebroids are intensively studied by many authors, see for instance [9, 11, 14, 18, 22, 24, 29, 30] , from more points of view in the context of some different categories in differential geometry. Recently, in the category of complex analytic geometry and of the C ∞ -foliated category, a general study of holomorphic Lie algebroids and of foliated Lie and Courant algebroids is due to [19, 20] and [41, 42] , respectively. Also, in the category of Banach geometry the study of Lie algebroids was initiated in [1, 2] and some significant developments are given in [6] . On the other hand, the study of Riemannian geometry of Lie algebroids is introduced and intensively studied in [4] and a first treatment of (para) Kählerian Lie algebroids can be found in [21] . Other important structures as symplectic, hypersymplectic or Poisson structures on Lie algebroids are studied, see for instance [3, 16, 18] .
The notion of almost complex Lie algebroids over almost complex manifolds was introduced in [5] as a natural extension of the notion of an almost complex manifold to that of an almost complex Lie algebroid. This generalizes the definition of an almost complex Poisson manifold given in [8] , where some examples are also given. In [5] this notion is used in order to obtain some cohomology theories for skew-holomorphic Lie algebroids. Starting from the definition of an almost complex Lie algebroid, [5] , but also from the general interest in the study of Lie algebroids, we have to consider that a general study of almost complex geometry in the almost complex Lie algebroids framework can be of some interest. However, for our purpose we will consider the almost complex Lie algebroids over smooth manifolds, not necessarily almost complex.
The paper is organized as it follows. In the preliminary section we briefly recall some basic facts about Lie algebroids. For more, see for instance [9, 11, 14, 24, 27, 37] . In the second section we define almost complex Lie algebroids over smooth manifolds, we present some examples and we obtain a Newlander-Nirenberg type theorem (Theorem 2.1). Also the particular case when the base manifold is almost complex is discussed. In the third section we make a general approach about almost Hermitian Lie algebroids and sectional curvature of Kählerian Lie algebroids over smooth manifolds in relation with corresponding notions from the geometry of almost complex manifolds [13, 44] . In particular we obtain a Schur type theorem for transitive Kählerian Lie algebroids (Theorem 3.2). In the four section, the Hermitian metrics and linear connections compatible with such metrics on the associated complex Lie algebroid are studied and we present the Levi-Civita connection associated to such metrics. Also, we describe some E-Chern forms of E 1,0 associated to an almost complex connection ∇ on E in terms of the matrix J E R, where J E is the almost complex structure of E and R is the curvature of ∇ (Theorem 4.1). Finally, we consider a metric product connection associated to an almost Hermitian Lie algebroid and a 2-form section for E 0,1 similar to the second fundamental form of complex distributions is studied in our setting. In particular, we prove that the mean curvature section of E 0,1 vanishes and the second fundamental 2-form section of E 0,1 vanishes iff the Lie algebroid is Hermitian (Corollary 4.2). We notice that the present paper can be considered as an introduction of basic elements of almost complex geometry in the almost complex Lie algebroids framework. Some of these notions are continued in [36] where almost complex Poisson structures on almost complex Lie algebroids are studied, but ohter problems related to almost complex geometry or complex (holomorphic) geometry as for instance: Laplacians or vanishing theorems are still open in the framework of Lie algebroids, as well as the study of anti-Hermitian (Kählerian) Lie algebroids. Also taking into account the role of almost complex geometry in the study of almost contact geometry the present notions can be useful in the study of almost contact or contact structures on Lie algebroids.
Basic notions on Lie algebroids
Definition 1.1. We say that p : E → M is an anchored vector bundle if there exists a vector bundle morphism ρ : E → T M . The morphism ρ will be called the anchor map. Definition 1.2. Let (E, p, M ) and (E ′ , p ′ , M ′ ) be two anchored vector bundles over the same base M with the anchors ρ : E → T M and ρ ′ : E ′ → T M . A morphism of anchored vector bundles over M or a M -morphism of anchored vector bundles between (E, ρ) and (E ′ , ρ ′ ) is a morphism of vector bundles ϕ : (E, p, M ) → (E ′ , p ′ , M ) such that ρ ′ • ϕ = ρ.
The anchored vector bundles over the same base M form a category. The objects are the pairs (E, ρ E ) with ρ E the anchor of E and a morphism φ : (E, ρ E ) → (F, ρ F ) is a vector bundle morphism φ : E → F which verifies the condition ρ F • φ = ρ E .
Let p : E → M be an anchored vector bundle with the anchor ρ : E → T M and the induced morphism ρ E : Γ(E) → X (M ). Assume there exists defined a bracket [·, ·] E on the space Γ(E) that provides a structure of real Lie algebra on Γ(E).
There exists a canonical cohomology theory associated to a Lie algebroid (
Following the well-known Chevalley-Eilenberg cohomology theory [7] , we can introduce a cohomology complex associated to the Lie algebroid as follows. A p-linear mapping ω :
for ω ∈ C p (E) and s 0 , . . . , s p ∈ Γ(E), defines a coboundary since
, p ≥ 1 is a differential complex and the corresponding cohomology spaces are called the cohomology groups of Γ(E) with coefficients in C ∞ (M ). We notice that if ω ∈ C p (E) is skew-symmetric and C ∞ (M )-linear, then d E ω also is skew-symmetric. From now on, the subspace of skew-symmetric and C ∞ (M )-linear cochains of the space C p (E) will be denoted by Ω p (E) and its elements will be called p-forms on E. The Lie algebroid cohomology
of anchored vector bundles with property that:
We also say that ϕ is a M -morphism of Lie algebroids.
Alternatively, we say that ϕ :
The Lie algebroids over the same manifold M and all M -morphisms of Lie algebroids form a category, which is, via a forgetful functor, a subcategory of the category of anchored vector bundles over M .
If we consider (x i ), i = 1, . . . , n a local coordinates system on U ⊂ M and {e a }, a = 1, . . . , m a local basis of sections on the bundle E over U , where dim M = n and rank E = m, then (x i , y a ), i = 1, . . . , n, a = 1, . . . , m are local coordinates on E. In a such local coordinates system, the anchor ρ E and the Lie bracket [·, ·] E are expressed by the smooth functions ρ The equations (1.4) are called the structure equations of Lie algebroid (E, ρ E , [·, ·] E ).
Linear connections. Torsion and curvature
(1) ∇ is R-bilinear;
is in fact an E-connection in the vector bundle E. See for instance [11] for the definition of an E-connection in a general vector bundle F .
For every s 1 , s 2 ∈ Γ(E), the section ∇ s1 s 2 ∈ Γ(E) is called the covariant derivative of the section s 2 with respect to section s 1 . If {e a }, a = 1, . . . , m a local basis of sections on E over 
is called the torsion of ∇. We have that T defined above is a tensor of type (2, 1) on E which is C ∞ (M )-bilinear and antisymmetric. Also, for a given linear connection ∇ on the Lie algebroid (E, ρ E , [·, ·] E ) we consider the map
It is easy to see that the map R is C ∞ (M )-linear in every argument and it is antisymmetric with respect to the first two arguments, that is R( We notice that for a given linear connection ∇ on a Lie algebroid the exterior derivative d E can be usually expressed in terms of covariant derivative with respect to ∇ and torsion of ∇. Also the usual Bianchi identities hold in the Lie algebroid framework, see for instance [11] .
Almost complex Lie algebroids
In this section we define almost complex Lie algebroids over smooth manifolds, we present some examples and we obtain a Newlander-Nirenberg type theorem. Also the particular case when the base manifold is almost complex is discussed.
Basic definitions, examples and results
Let us consider a smooth manifold M , not necessarily almost complex, and a Lie algebroid
endowed with such a structure will be called an almost complex Lie algebroid.
Example 2.1. Let (M, J) be an almost complex manifold. Then its tangent bundle T M is an almost complex Lie algebroid over M with anchor the identity of T M and with usual Lie bracket of vector fields.
Example 2.2. Let (M, J, π 2,0 ) be an almost complex Poisson manifold, see [8] . Then (M, π) is a real Poisson manifold, where π = π 2,0 +π 2,0 . Then T * M, π # , {·, ·} π , J * is an almost complex Lie algebroid, where J * is the natural almost complex structure induced by J, π 
with rank E = m we can consider the prolongation of E, see [14, 29, 30] , which is a vector bundle p L :
For a smooth function f ∈ C ∞ (M ) its complete and vertical lift to E, f c and f v respectively, are given by f c (u) = ρ E (u)f and f v (u) = (f • p)(u) for every u ∈ E. According to [29, 30] , we can consider the vertical lift s v and the complete lift s c of a section s ∈ Γ(E) as sections of
, where
is the local basis on T E. Then, the vertical and complete lifts, respectively, of a section s = s a e a ∈ Γ(E) are given by
In particular, e 
(because one of the properties of the complete lift is: for p(T ) a polynomial, then p(T c ) = p(T ) c ), and moreover,
Let ∇ a linear connection on the Lie algebroid E (in particular a Riemannian Lie algebroid (E, g) and the Levi-Civita connection, see the next section). Then, the connection ∇ leads to a natural decomposition of L p (E) into vertical and horizontal subbundles, namely
are the local coefficients of the linear connection ∇. We notice that, the above decomposition can be obtained also by a nonlinear (Ehresmann) connection, see for instance [34] . The horizontal lift s h of a section s = s a e a ∈ Γ(E) to L p (E) is locally given by
is an almost complex Lie algebroid over E.
Example 2.5. Let M be a differentiable manifold of dimension 2m + n endowed with a codimension n foliation F (then the dimension of F is 2m). According to [10] , the foliation F is said to be complex if it can be defined by an open cover {U i }, i ∈ I, of M and diffeomorphisms
. , m, then the almost complex structure along the leaves [25] pg. 155, as a Lie algebroid structure
Let us briefly recall this construction. The general sections of
, and the anchor map is defined by
Imposing the conditions
, we have, using Leibniz condition, the following expression for
Now, if E 1 and E 2 are endowed with almost complex structures J E1 and J E2 , respectively, then an almost complex structure J E on E = E 1 × E 2 can be defined by
Complexifying the real vector bundle E we obtain the complex vector bundle E C := E ⊗ R C → M and by extending the anchor map and the Lie bracket C-linearly, we obtain a complex Lie
, that is, a homomorphism of the complexified of corresponding Lie algebras, and [
Also, extending C-linearly the almost complex structure J E , we obtain the almost complex structure J E on E C .
As usual, we have a splitting
according to the eigenvalues ±i of J E on E C . We also have
Similarly, we have the splitting
according to the eigenvalues ±i of J * E on E * C , where J * E is the natural almost complex structure induced on E * . We also have
We set
For an almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) we can consider the Nijenhuis tensor of J E defined by
Proposition 2.1. If we consider {e a }, a = 1, . . . , 2m the dual basis of {e a }, a = 1, . . . , 2m, then the Nijenhuis tensor N JE is locally defined by N JE = N c ab e c ⊗ e a ⊗ e b , and its local coefficients are given by
a is the local expression of the almost complex structure J E .
Now, using a standard procedure from almost complex geometry, [13, 15, 44] , we can prove the following Newlander-Nirenberg type theorem: Theorem 2.1. For an almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) over a smooth manifold M the following assertions are equivalent:
The above Newlander-Nirenberg type theorem says that for any integrable almost complex structure J E on an almost complex Lie algebroid (E, ρ E , [·, ·] E ) we have the usual decomposition
we obtain the following identities:
Hence, in this case we obtain a Dolbeault type Lie algebroid cohomology as the cohomology of the complex (Ω p,• (E), ∂ E ).
Remark 2.1. In [5] the integrability of the almost complex structure J E is defined in order to obtain a reduction to a holomorphic Lie algebroid which is equivalent to vanishing of a suitable Nijenhuis tensor on E.
′ be the inclusions; notice that i is an inclusion submanifold and I is the incusion of a vector subbundle over M . Consider a projector Π in the fibers of E ′′ such that the image of Π is E, i.e. Π (E ′′ ) = E. A such projector Π can be the ortogonal projection according to a Riemannian metric g ′′ in the fibers of E ′′ , that can be induced particularly by a metric g ′′ in the fibers of E ′ . We can define an anchor
It is easy to check that (
If J E ′ is an almost complex structure in the fibers of E ′ , then its restriction to M gives an almost complex structure J E ′′ in the fibers of 
and we have used that N J E ′ = 0. An example of such a case is when the algebroids are the tangent spaces
2n and Π is the orthogonal projection according to the euclidean metric (see [36] ). It can be easily proved that Π is flat, thus the canonical complex structure on IR 2n gives an integrable almost complex structure on the algebroid E = S 2n−1 × IR 2n . The anchor of E is the orthogonal projection on the tangent hyperplane, along on S 2n−1 , and the bracket is given by a similar formula (2.6).
We notice that in more situations in this paper we will consider the case when J E is integrable. Let us consider now (
be two almost complex Lie algebroids over a smooth manifold M .
A M -morphism ϕ of almost complex Lie algebroids is naturally extended by C-linearity to
is a M -morphism of almost complex Lie algebroids over M , then the following assertions are equivalent:
for any s 1 , . . . , s p ∈ Γ(E 1,0 ) and t 1 , . . . , t q ∈ Γ(E 0,1 ).
(iv) The morphism ϕ is almost complex.
Proof. It follows using a standard argument from the almost complex geometry.
If we consider {e a }, a = 1, . . . , m be a local basis of Γ(E 1,0 ) and 
It is easy to see that the set of all infinitesimal automorphisms of J E is a Lie subalgebra of the Lie algebra of sections of E. Also, the following remarks hold: 
In the end of this subsection we prove that if J E is an integrable almost complex structure on E then (E 1,0 , E 0,1 ) is a matched pairs of complex Lie algebroids. The notion of matched pairs of Lie algebroids was introduced in [23] and further studied [26, 32] and other authors. Definition 2.5. A matched pair of Lie algebroids is a pair of (complex or real) Lie algebroids E 1 and E 2 over the same base manifold M , where E 2 is an E 1 -module and E 1 is an E 2 -module such that the following identities hold: 
We have
Proof. It is sufficient to verify the Definition 2.5 in the local bases {e a }, a = 1 . . . , m of Γ(E 1,0 ) and
Then locally, we have and using the Lie algebroid structure of E it follows that E 1,0 , ρ
are complex Lie algebroids over M . Now, the fact that (E 1,0 , E 0,1 ) is matched pair follows by direct verification of the Definition 2.5 in the local bases {e a } and {e a }, where for (2.10) and (2.11) we use the Jacobi identity (a,b,c) e a , e b , e c E E = 0 and its conjugate.
Almost complex Lie algebroids over almost complex manifolds
In [5] is given the definition of almost complex Lie algebroids over almost complex manifolds, which generalizes the definition of almost complex Poisson manifolds, see [8] . In this subsection we consider the almost complex Lie algebroids over almost complex manifolds and in the particular case when the base manifold is complex, we describe some properties of the structure functions of the associated complex Lie algebroid.
Consider M a 2n-dimensional almost complex manifold with an almost complex structure J M : Γ(T M ) → Γ(T M ) and (E, ρ E , [·, ·] E ) be a Lie algebroid over M with rank E = 2m.
A real Lie algebroid (E, ρ E , [·, ·] E ) endowed with such a structure will be called almost complex Lie algebroid over (M, J M ).
We notice that by the relation Proof. Follows by direct calculations in the relation ρ E ([e a , e b ] E ) = [ρ E (e a ), ρ E (b)] and similarly for the other sections of E C . It is well known, see [33, 41] , that there is an one-to-one correspondence between Lie algebroid structures on the vector bundle p : E → M and specific Poisson structures on the total space of the corresponding dual bundle E * → M , called the dual Poisson structures, defined by the following brackets of basic and fiber-linear functions (with respect to foliation by fibres of E * ):
Remark 2.5. Taking into account the relations ρ
where f, f 1 , f 2 ∈ C ∞ (M ), s, s 1 , s 2 ∈ Γ(E) and l s is the evaluation of the fiber of E * on s. If (x i ) are local coordinates on M and (ζ a ) are the fiber coordinates on E * with respect to the dual of a local basis {e a } of sections of E, then the corresponding Poisson bivector field is given by 
Almost Hermitian Lie algebroids
In this section we make a general approach about almost Hermitian Lie algebroids and sectional curvature of Kählerian Lie algebroids over smooth manifolds in relation with corresponding notions from the geometry of almost complex manifolds.
Firstly we notice that if the vector bundle (E, p, M ) is endowed with a Riemannian metric g then, according to [4, 9] , there exists an unique linear connection D in the Lie algebroid (E, ρ E , [·, ·] E ) such that D is compatible with g and it is torsion free. It is given by the formula
and its local coefficients are given by
where g ab = g(e a , e b ) and (g ba ) is the inverse matrix of (g ab ). The connection D given by (3.1) is called the Levi-Civita connection of (E, ρ E , [·, ·] E ) endowed with a Riemannian metric g.
In the following we consider an almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) over a smooth manifold M . 
and an almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) endowed with a Hermitian metric g is called almost Hermitian Lie algebroid and denote (E, ρ E , [·, ·] E , J E , g). Moreover if N JE = 0 then it is called Hermitian Lie algebroid.
We notice that if an almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) admits a Riemannian metric g, then a Hermitian metric on E can be usually defined by h(s 1 , s 2 ) = g(s 1 , s 2 )+g(J E (s 1 ), J E (s 2 )) for every s 1 , s 2 ∈ Γ(E).
Example 3.1. The complete lift g c to L p (E) of almost Hermitian metric g on E is defined by g c (s see [28] , it follows
Example 3.2. Let us consider the almost complex Lie algberoid
for every s 1 , s 2 ∈ Γ(E) and it is easy to see that this metric is Hermitian with respect to J L p (E) . Moreover since the Levi-Civita connection of the Riemannian metric g on E is torsion free, then
are two almost Hermitian Lie algebroids then the metric
is a Hermitian metric on the almost complex Lie algebroid given by direct product E = E 1 × E 2 from Example 2.6 with respect to almost complex structure J E given by (2.1).
A Hermitian metric g on an almost complex Lie algebroid (
Indeed, is easy to see that Φ(s 1 , s 2 ) = −Φ(s 2 , s 1 ). Since g is invariant with respect to J E we obtain that Φ is also invariant by J E , namely Φ(
Since the Hermitian metric g is a particular case of a Riemannian metric on an almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ), we can consider the associated Levi-Civita connection.
Using the calculus on Lie algebroids, by a similar argument as in geometry of almost Hermitian manifolds we have:
) be an almost Hermitian Lie algebroid, N JE the Nijenhuis tensor of J E , Φ the 2-form associated to g and D the Levi-Civita connection associated to g. Then
for every s 1 , s 2 , s 3 ∈ Γ(E).
Definition 3.2. A linear connection ∇ on an almost complex Lie algebroid (E
The Proposition 3.1 says that the Levi-Civita connection of an almost Hermitian Lie algebroid is not an almost complex one. But, using also the Proposition 3.1 we can prove
) be an almost Hermitian Lie algebroid. The following conditions are equivalent: i) the Levi-Civita connection is an almost complex connection; ii) the almost complex structure J E is integrable and the associated 2-form Φ is d E -closed.
Remark 3.1. When J E is integrable then Φ is d E -closed if and only if the Levi-Civita connection is almost complex. Definition 3.3. An almost Hermitian Lie algebroid (E, ρ E , [·, ·] E , J E , g) is said to be almost Kählerian if the fundamental 2-form Φ is d E -closed and, if moreover the almost complex structure J E is integrable then it is said to be Kählerian.
Example 3.4. Let us consider the Hermitian Lie algebroid (L
E , g c ) from Example 3.1 associated to a given Hermitian Lie algebroid (E, ρ E , [·, ·] E , J E , g). As usual for tangent bundle case, see [45] , the complet lift of the Levi-Civita D of g is defined by D c and it is the Levi-Civita connection of g c on L p (E). Now it is easy to see that if
Remark 3.2. Since a Hermitian metric g on an almost complex Lie algebroid is a particular case of a Riemannian metric it is nondegenerated. On the other hand the almost complex structure J E is also nondegenerated, hence the associated 2-form Φ is nondegenerated on E. Thus, every almost complex Lie algebroid admits a structure of almost symplectic Lie algebroid [16] and a nondegenerate Poisson structure [36] .
Let us consider now a Kählerian Lie algebroid (E, ρ E , [·, ·] E , J E , g) over a smooth manifold M , D the associated Levi-Civita connection and R its curvature tensor.
The Riemann curvature tensor of the Kählerian Lie algebroid (
The standard properties of this map follows the classical ones from Kählerian geometry. Also the sectional curvature of a Kählerian Lie algebroid can be introduced as follows:
For every x ∈ M and a given 2-plane P of E x (2-dimensional space in E x ) we define the function K(P ) by K(P ) = R(s 1 , s 2 , s 1 , s 2 ), where {s 1 , s 2 } is an orthonormal frame in P .
We will consider the restriction of K to all 2-planes from E x which are invariant by J E , that is, for every section s ∈ E x we have J E (s) ∈ E x . Definition 3.4. For a given Kählerian Lie algebroid (E, ρ E , [·, ·] E , J E , g), the sectional curvature of E in direction of the J E invariant 2-plane P is defined as usual by
and is called the holomorphic sectional curvature in direction of P of (E, ρ E , [·, ·] E , J E , g). The restriction of sectional curvature to all J E invariant 2-planes P , is called holomorphic sectional
For a given J E invariant 2-plane P , we can consider orthonormal frames of the form {s, J E (s)}, where s are unitary sections in E x . Then the holomorphic sectional curvature is then given by
and the Riemann curvature tensor of a Kählerian Lie algebroid (E, ρ E , [·, ·] E , J E , g) is completely determined by the holomorphic sectional curvature defined for all J E invariant planes.
If the function K is constant for all J E invariant 2-planes from E x and for every x ∈ M then the Kählerian Lie algebroid (E, ρ E , [·, ·] E , J E , g) is said to be of constant holomorphic sectional curvature.
We have the following Schur type theorem:
) be a Kählerian transitive Lie algebroid with rank E = 2m ≥ 4. If the holomorphic sectional curvature depends only of x ∈ M (it is independent of the
) is of constant holomorphic sectional curvature.
Proof. Follows in the same manner as in Schur theorem for Kähler manifolds.
Remark 3.3. If the hypothesis of the theorem does not make the assumption that the anchor is surjective, then the real function given by the sectional curvature is constant on every leaf of the singular foliation of the Lie algebroid.
4 Hermitian metrics on the associated complex Lie algebroid and some related structures
In this section the Hermitian metrics and linear connections compatible with such metrics on the associated complex Lie algebroid are studied and we present the Levi-Civita connection associated to a such metric. Also, we describe some E-Chern forms of E 1,0 associated to an almost complex connection ∇ on E. Finally, we consider a metric product connection associated to an almost Hermitian Lie algebroid and a 2-form section for E 0,1 similar to the second fundamental form of complex distributions is studied in our setting.
Linear connections compatible with Hermitian metrics on the associated complex Lie algebroid (E
A linear connection ∇ on the almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) over a smooth manifold M extend by C-linearity to a connection on the complexified Lie algebroid (E C , ρ E , [·, ·] E ), [43] , as follows:
(1) ∇ is C-bilinear;
If {e a }, a = 1, . . . , m is a local basis of E 1,0 and {e a }, a = 1, . . . , m is a local basis of E 0,1 , then a linear connection ∇ on the complex Lie algebroid (E C , ρ E , [·, ·] E ) is locally given by e c , which says that an almost complex connection on E C preserves the distributions of J E .
If we consider a Hermitian metric g on the almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) over a smooth manifold M , then we can naturally extend it to a Hermitian metric on the complex Lie algebroid (E C , ρ E , [·, ·] E ).
Remark 4.1. If Φ is the associated fundamental 2-form, as usual we can prove that Φ ∈ Ω 1,1 (E). g ab e a ∧ e b , where the exterior product is that in Lie algebroids framework, see [27] .
Similarly to Riemannian Lie algebroids case, we have
, which is compatible with the Hermitian metric g on E C , satisfies
Proof. Follows by direct calculation, using the relation (4.1). In the following of this subsection we describe the Levi-Civita connection on complex Lie
) is almost Hermitian or Kählerian. Let us put g ab = g(e a , e b ) and g(e a , e b ) = g(e a , e b ) = 0. Then, we have
) be an almost Hermitian Lie algebroids over M . Then the local coefficients of the Levi-Civita connection on the associated Hermitian complex Lie alge-
g ae + C e ca g eb ,
ab g ce − C e bc g ae + C e ca g be , and their conjugates, where (g ba ) is the inverse matrix of (g ab ).
Proof. Follows by direct calculus, taking in the formula (3.1) which gives the Levi-Civita connection, the following combinations: s 1 = e a , s 2 = e b , s 3 = e c , s 1 = e a , s 2 = e b , s 3 = e c , s 1 = e a , s 2 = e b , s 3 = e c and s 1 = e a , s 2 = e b , s 3 = e c , respectively. 
) is Kählerian, we have that J E is integrable and d E Φ = 0. Then from Newlander-Nirenberg theorem we have C 
where we have put R(e a , e b )e c = R Remark 4.4. In [21] the (complex) para-Kählerian Lie algebroid is defined as a (complex) symplectic Lie algebroid (E, ω) with a splitting E = E 1,0 ⊕ E 0,1 as the direct sum a two polarizations, where a polarization of (E, ω) means a lagrangian subalgebroid of E, i.e. a subbundle which is closed under brackets and maximal isotropic with respect to ω. Then for a para-Kählerian Lie algebroid is proved that there is a unique torsion-free E-connection ∇ on E (called para-Kählerian connection), for which covariant differentiation leaves the paraKähler structure invariant, i.e. for every s 1 , s 2 , s 3 ∈ Γ(E), ∇ s1 leaves the splitting invariant, and ρ E (s 1 )(ω(s 2 , s 3 )) = ω(∇ s1 s 2 , s 3 ) + ω(s 2 , ∇ s1 s 3 ). The curvature of this connection is in (
4.2 Chern forms of E 1,0 associated to an almost complex connection
There exists a general construction of characteristic classes of a Lie algebroid E [11] , which mimics the Chern-Weil theory. More exactly, if we take a vector bundle F → M of rank r and ∇ : Γ(E) × Γ(F ) → Γ(F ) an E-connection on F , as well as we seen, the curvature operator of ∇ denoted by R ∇ is a F ⊗ F * -valued E-form section of degree 2. Let us consider I k (Gl(r, R)) the space of real, ad-invariant, symmetric, k-multilinear functions on the Lie algebra gl(r, R). Then for every φ ∈ I k (Gl(r, R)) the 2k-forms on E given by φ( In this subsection, following some ideas from [31] , we use a real representation of an almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) to get some real d E -closed forms on E such that their E-cohomology classes generate the E-Chern ring of the complex vector bundle E 1,0 . These forms are obtained using the almost complex structure J E on E and the curvature forms of a (real) almost complex connection on E. These forms are called E-Chern forms of E 1,0 associated to ∇. Let ∇ be an almost complex connection on the almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ). Then as well as we seen ∇ can be usually extended to a connection ∇ C on E C and the property ∇J E = 0 of ∇ implies that the covariant derivatives of the sections of E 1,0 are also section in E 1,0 . We also consider {e a , J E (e a )}, a = 1, . . . , m be a local frame for the sections of E over U ⊂ M , and for a better presentation of the notions in this subsection we shall denote J E (e a ) = e a * , a = 1 . . . , m. Then {e 1,0 a = e a − ie a * }, a = 1 . . . , m is a local frame of E 1,0 ⊂ E C . Let R be the curvature tensor section of ∇ and let R C be the curvature tensor section of ∇ C . Then, we easily get that
for every real sections s 1 , s 2 ∈ Γ(E).
Since ∇J E = 0 we easily have
, a, b = 1 . . . , m, be the matrix of J E R with respect to the local basis {e a , e a * }, a = 1 . . . , m, i.e.
The curvature matrix Φ of the restriction of ∇ C to E 1,0 ⊂ E C , with respect to the local basis {e
b . These polynomials can be used to construct some d E -closed forms on E which are called E-Chern forms of E 1,0 associated to ∇.
Theorem 4.1. The E-Chern forms of E 1,0 given by trace (iΦ) k are, up to a constant factor the forms on E, given by trace R −R * R * R k , i.e. they can be constructed using the matrix of J E R, where J E is the almost complex structure on E and R is the curvature of an almost complex connection ∇ on E.
Proof. We use an orthonormal local basis {e a , e a * }, a = 1, . . . , m with respect to a Hermitian metric on E. Then we have
Thus, R is a symmetric matrix and R * is a skew-symmetric matrix. The form trace (iΦ) k is real since we have
It is well known that to the complex matrix iΦ = R + iR * it corresponds its real representation R −R * R * R , and to (iΦ)
Then we have
Since the E-Chern forms of E 1,0 do not depend on the local frame used for their local representation, it follows that we can use the matrices associated to J E R to get them.
The result obtained above can be extended to the case of an almost complex connection ∇ on E which is not necessarily compatible with a Hermitian metric on E. In this case the imaginary part of the form trace (iΦ)
k is a d E -exact form on E and the corresponding E-Chern form of order k of E 1,0 is the real part of (iΦ) k . Then the E-Chern form of order k of E 1,0 given by trace of the k-power of the matrix associated with J E R in an arbitrary local frame of E.
A metric product connection
In this subsection we consider a metric product connection associated to an almost Hermitian Lie algebroid, following some arguments from the theory of complex distributions, see [40] . Also, a 2-form section for E 0,1 similar to the second fundamental form of complex distributions is studied in our setting.
Let E C = E 1,0 ⊕ E 0,1 be the complexification of an almost Hermitian Lie algebroid. We consider the natural projections p 1,0 : E C → E 1,0 and p 0,1 : E C → E 0,1 defined in (2.12). It is easy to see that E 1,0 is the h-orthogonal of E 0,1 in E C and conversely, where h is the Hermitian metric on E C defined by h(s 1 , s 2 ) = g(s 1 , s 2 ), for every s 1 , s 2 ∈ Γ(E C ). We define the metric product connection D by
where D is the Levi-Civita connection on E C . We notice that D satisfies the conditions or, by using (2.12), we get As usual, will we say that E 0,1 is totally geodesic if its second fundamental form section B Proof. Taking into account the definition (4.13) of H 0,1 with an orthonormal basis of the form {e a , J E (e a )}, a = 1, . . . , m and using (4.18), we obtain H 0,1 = 0. The formulas (4.19) and (4.16) implies that B 0,1 = 0 iff N JE = 0.
